
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world byJSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.istor.org/participate-istor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



Periodic Orbits on a Smooth Surface, 

By Daniel Buchanan. 



§ 1. Introduction. 

In the third chapter of Moulton's "Periodic Orbits," which will appear 
shortly, the general solutions of the problem of the spherical pendulum are 
determined as power series in a parameter in which the coefficients are tran- 
scendental functions of the time. The solution obtained for the vertical motion 
is periodic, but the solutions for the horizontal are not periodic in general. 
The problem discussed in this paper is a generalization of the problem of the 
spherical pendulum. The path described by the bob of the pendulum may be 
considered as the orbit described by a particle which moves, subject to gravity, 
on the surface of a smooth sphere whose radius is equal to the length of the 
pendulum and whose center is at the point of suspension. The object of this 
paper is to show the existence and to give a method for the determination of 
periodic orbits described by a particle which moves under similar conditions 
on a smooth surface of more general character. The orbits determined have 
the same period as the solution for the vertical motion of the spherical pendu- 
lum. The equation of the surface is the same as that used by Poincare in his 
memoir "Sur les Lignes Geodesiques des Surfaces Convexes," Trans. Am. Math. 
Soc, Vol. VI (July, 1905). Periodic orbits play the same role in the present 
paper as closed geodesic lines in Poincare's memoir. 

§ 2. The Differential Equations. 
Let us take a system of rectangular axes with the positive 0-axis directed 
upwards. We shall denote the surface upon which the particle is constrained 
to move by the equation 

F (x, y,z)^x''-^tf + z^-l' + 2 ef {x, y,z)^0, (1) 

where e is a parameter and / {x, y, z) is a power series of the form 

f{x,y,z)= I U,,x'y^z\ (2) 

t, i. fc = 

the /f, fc being constants, and it converges for I rr I , \y\ and \z\ sufficiently small. 
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If (2) is a polynomial, then no restrictions need be placed on x, y and z, except 
that they shall be finite. For c = the equation (1) reduces to the equation 
of a sphere with center at the origin and radius I. 

Let us choose the unit of mass so that the mass of the particle is unity. 
Then, denoting derivatives with respect to the time by accents, we obtain as 
the differential equations of motion for the particle, 

x"=X, y" = Y, z"=Z-g, (3) 

where X, Y, Z are the normal reactions due to the surface. Since the surface 
is assumed to be smooth, the normal reactions at any point are proportional 
to the direction cosines of the normal at that point. Hence, 

X = XF,= 2%{x + ef,], ' 

r = aF,= 2;i[2/ + 6/J, [ (4) 

z = ;iF, = 2xr^ + 6/j, , 

where X is a factor of proportionality. When equations (4) are substituted 
in (3), the differential equations become 

X" =2y^{x + 6f,], r ^2^[y + ef^], z" =2Xiz + e f^ - g. (5) 
These equations admit the integral 

x'' + y'^ + z''^g{-2z + c,), (6) 

where Ci is the constant of integration. 

In order to determine A, we find the second derivative of the equation of 
constraint with respect to t and eliminate x" , y" , z" , and x'^ + y'^ -\- z''^ "by 
(5) and (6). Since F {x, y, z) is independent of t, we have F"=0, and 
therefore, when the differentiations and eliminations are made, we obtain 

_ g{Sz-c^)-F [ x''f,,+y ''f,y +z"f,,+2y'z'f, ,+ 2 x'z'f,,+2x'y'f ,,-gU (n. 

i'+^s[xf^+yf^+zf,-n+?ifi+fi+m ' ^^ 

After the values of the partial derivatives are obtained from (2) and substituted 
in (7), the expression for 2/1 can be arranged as a power series of the form 

2;i = -^(3s— ^Ci)+Xi6 + ;i2e2+ ...., (8) 

in which the coefficients /I,- are power series in ic, y, z and contain a;', y' , z' to the 
second degree considered together. If / (a;, ?/, z) is a polynomial, then the 
convergence of (8) can be controlled by e alone, provided a;, y and z are finite. 
If / {x, y, z) is a power series, then x, y and z must lie in the region for which 
(2) converges. Upon substituting (8) in (5), the differential equations take 
the form 
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X" ^^i3z-c^)x-^eX, + e'X,-h ...., 



.„ _ 9 






(9) 



where X^, Y^, Z^ are similar in form to the X.,. in (8). 

§ 3. The Spherical Pendulum. 

For g = the equations (9) reduce to the differential equations of the 
spherical pendulum, which are 

X" ^-^Cdz-c^)x, y" =j^{3z-c,)y, z":=^j^i3z-c^)z-g. (10) 

The last equation of (10) is independent of the other two and is solved first. 
It admits the integral 

z'' = j^(2z-c,)z'-g{2z-c,) 

2 a 
= -# (2; — ai) (s — aa) (z — as), (ai>a2>a3), 



P 



(11) 



where C2 is the constant of integration. The periodic solution of the last 
equation of (10) has been obtained in Professor Moulton's memoir, to which 
reference has already been made. The solution is 

e = ',^(r) = a3 + (ai — a3)[|(l — cos2'r)/*+^^(l— cos4t)^^+....J, (12) 
where 



\ 2Z2(1 



— as) 



(1 + 5) 



(^-^0), 



5 = 2^"'"32^^"^ ' 






(0<^<1). 



(13) 



«! 0^3 

In the physical problem of the spherical pendulum, excluding the case of 
revolution in the xy--plane with infinite speed and that of the simple pendulum, 
the three constants ax , a^, a^ satisfy the inequalities 

— Z < ag < 0, — ? < a2 < + Z, ai > + Z. 

On comparing the equations in (11), it is seen that 

2 (ai + a2 + ag) = Cj, a^ az -\- 0,2 0,3 -{- as ai = — l^, 2a1a.2a.3~ — c^P. (14) 
11 
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§ 4. The Solutions of the Equations of Variation. 

Let z = '^ + w, (15) 

where 4' is the periodic function defined in (12). The function w is undeter- 
mined except that it vanishes with e. Now let (15) and (13) be substituted 
in (9). If derivatives with respect to r are denoted by dots, then the differen- 
tial equations (9) become 

x+ [a^ + ew^-f 0«^-^+ ....]a; = ^ii+il^*^ + £Xi-f e^X^H- 

«! — ag 

y + [a' + Oi^^ (^ + e^'^ Im' +....]y = ^-^^^±^11^ + BY,+e' ¥,+ ....,[ (16) 

aj — as 

«! — ag 

where a^ and b^ are constants independent of (i ; and 0^ {i — l,2;j = l,....,<X)) 
are sums of cosines of even multiples of r and are therefore periodic with the 
period 2 7t. The Xj, Y^, Wj appearing in the right members of (16) are power 
series in x, y, iv in which the coefficients are similar in form to i^ i"^) except 
that they contain additional terms in x, y, w, 4 to the second degree considered 
together. 

By putting e = in (16), and taking only the linear terms in a?, y, and w, 
we obtain the equations of variation, which are 

^+ [a^ + erV + e^'V + ....]^=0, ' 

^-f [a^ + 0<')/. + 0»>^'^ +....] 2/= 0, }- (17) 

w+[¥ + Qf^ii + 0f iM^ +....] ^(; = 0. 

Obviously the solutions of the first two equations of (17) can differ only in the 
arbitrary constants. The solutions of these two equations have been obtained 
in Professor Moulton's memoir, where it is shown that there are three forms 
of the solutions according to the values of a : 

Case I. a =^ and 2 a not an integer. 
Case II. a :^ and 2 a an integer. 
Case III. a = 0. 

Case I. This is considered as the general case. The solutions in this 
case have the form 



where Ai {i — 1, . . . ., 4) are the constants of integration; a is a power series 
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in (I with constant coefficients ; and ^^ , ^2 are power series in n in which the 
coefficients have the form 



^1 = 2 [ttj cos 2 JT-\- V — 1 bj sin 2 jr], 

i 

^2 = 2 [Oj cos 2 j r — V— 1 bj sin 2 jr], 

i 
ttj and 6j- denoting real constants. These solutions have the additional property 

^i(0)=^2(0) = l. 

Case II. In this case the solutions are similar in form to (18), but they 
contain, in addition, terms in cos 2 a jt and V — 1 sin 2 a jr. The constants 
of integration are determined so that 

^i(0) = lao) = i. 

Case III. For a = the solutions have the same form as (18) except that 
«) 01) £2 are power series in Vff instead of ft. 

Unless otherwise stated we shall suppose that we are dealing with Case I. 

We shall now derive the solutions of the last equation of (17). Since the 
differential equations (9) do not contain t explicitly, it is known, a priori,* 
that two of the characteristic exponents which belong to the solutions of equa- 
tions (17) are zero. These two zero exponents belong to the solution of the 
last equation of (17). The generating solution of this equation is "^{r), 
defined in (12), and it contains two arbitrary constants, viz., the initial time t^-,, 
and the scale factor I, the latter occurring only in the second degree. Hence, 
the two solutions of the last equation of (17) aref 



3 



= ;U (as — ai) sin 2 r -f g ;U sin 4 T + , 



3^ 

Since each of these solutions is multiplied later by an arbitrary constant, the 
factor ii{a!.z — ai) may be absorbed by the arbitrary constant, and the first 
solution becomes 

•i^j rr ^ = sin2T + ^ a sin4T -f (19) 

o 

* MouUon, " Periodic Orbits," § 33. Poincare, " Les Methodes Nouvelles de la Meeanique Celeste," 
Vol. I, Chap. 4. 

f Moulton, loe. cit., § 32. Poineare, loo. cit., Vol. I, Chap. 4. 
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It is olbserved from equations (12) and (13) that 4- is a function of ai, as, 
(I and T, while r is a function of ai, ag, 5 and l^, and 5 is a function of //. 
Now when Og is eliminated from (14) by the substitution 

0.2= a^-\- ^ (ai — ag), 

the first equation of (14) expresses /u as a function of a^ and as, and the other 
two equations express ai and a^ as functions of l^. The constants Ci and c^ 
enter into these relations, but as they are constants of integration, they are 
independent of the scale factor. Hence, 



8^ 



/34^\ 8ai , /34^\ daa , f^\ Vc) fi da^ dji daf\ 



'^aTLva^v'^ ^s^l^{^oi^^p "^a^aFj +Vav9^' "^Va^^aFJ' ^^^ 

where the parentheses ( ) denote that the differentiation is performed only 
in so far as the variable enters the function explicitly. Upon performing the 
differentiations expressed in (20), we obtain 

(la^) ^ ^- (I|) = ^(^-^°'2t)^ + 3^ (l-eos4r)^^ +...., 

a ax _ 1 9 a3 _ 1 _ 2 

dP (ai — a3)(l — /[<) ' dp ~ (j.{as — ai) ~ 2 aj + 4 ag — Ci ' 
a^ _ l + (« du 2—fi dip t \^ 

oai as — tti d a3 as — a^ dT" ' 

(3^)^ (ai — as) ^2 (1 — cos2t) + jg (1 — cos4'r) ;« + 1, 

35" 2(1 + 5)' a(ti~2'^16^+ ••••' 

/ar\ r_ /aT\ _ _ /a^\ _ t 

VaZV 2^2' ^aai/~ Vaas/ 2(ai — as) • 

When these results are substituted in (20), we get for the second solution 

^2 = ;^ + ^^^, (21) 

where ;^ and A are power series in (i of the form 
1 



2(a3 — ai) (2ai + 4a3-— Ci) 



[2 ax + 4 as — Ci — (6 a^ — c^) cos 2^ 



+ g^22ax + 32a3 — 9cx — 8(2ax4-4a3— Cx) cos2t— (6ax — Cx) cos4'r| + ], 

o 

8(«3-ax)^-9Z^ 
^- 16Z^(a3 — a,) ^'^ 
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The determinant of the two solutions (19) and (21) at r = is 

D^-^{0)X{0)= - I + terms in ^, (22) 

which is not zero for n sufficiently small unless a^, a^ or c^ is infinite. Now 
as is finite because of the inequality — Z < as < 0. It is shown in Professor 
Moulton's memoir that if Ci is infinite, the particle revolves in the ic^^-plane 
with infinite speed, and, of course, this case can not be realized physically. 
Then c^ is finite, and since — Z < as < 0, — I < a^ < -\- 1, it follows from the 
first equation of (14) that ai also is finite. Hence, D-^^O for (i sufficiently 
small, and the two solutions (19) and (21) constitute a fundamental set. The 
general solution of the last equation of (17) is therefore 

w = ^6"?> + ^6[;K + ^t<?)], (23) 

where A^, Aq are the arbitrary constants. The functions ^ and ;^ are periodic 
in T with the period 2 n. 

% 5. Existence of Periodic Solutions. 

Let us take the initial conditions at r = 0, 

ic — flj, x-=a2, y^^a^, y = at, w = a5, w =: a^. (24) 

If the surface of constraint is a closed surface, then the vertical velocity of the 
particle must vanish for some value of t and change sign. If the surface is not 
closed and if the motion of the particle is to be periodic, then x', y\ z' must 
vanish and change signs for some values of if, otherwise the particle would 
recede to infinity. Then without loss of generality ^0 can be chosen as the time 
when the vertical velocity is zero. Hence, s=:0 at t=:0; and since 4'(0) = 0? 
it follows from (15) that m;(0) = 0. Therefore, a^ in (24) may be put equal 
to zero. 

In order to prove the existence of periodic solutions of equations (16), 
we integrate (16) as power series in a^ (« = 1, ....,5) and e, and impose 
necessary conditions that x, y and w shall be periodic in T with the period 2 rt. 
Only the linear terms in a^ are required in explicit form. The solutions of (16) , 
subject to the initial conditions (24), are 






^ = ^^ [;i: + ^'^4>] -i-sPsiai, e; t). 



(25) 
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where A is the determinant of the fundamental set of solutions (18) and is 
therefore different from zero. The terms Pj , Pg and Pg are power series in 
tti and e, and carry s as a factor since the right members of (16) vanish with e. 
Sufficient conditions that x, y, w in (25) shall be periodic in r with the 
period 2^1 are 

co{2n)-x{0)=Q, 2/(27t)-2/(0) =0, w; (27t) - w (0) = 0, 1 

x{2 7t)—x{0)=(i, y{2n)--yiQ)=0, w {27i) —w (0) =0.j ^ ^ 

These six conditions are not independent, as we shall show, and the condition 
w (2 5t) — M' (0) = is a consequence of the other five conditions. In order 
to show this we make use of the integral (6), which, on being transformed by 
the substitutions (13) and (15), takes the form 

i'4-i/'+ (4' + «i')' + ^-^^^^^^'^(2^ + 2*(; — Ci) =0. (27) 

OCx — fiCs 

Let us make in (27) the usual substitutions 

x = x{0)-\-x, y = y{Q)+y, w = w{Q) +w,\ 
x = x{(i)+x, y = y{0)+y, w = 0+w, J 

where x, . . . .,w vanish at r = ; and let the resulting equations be denoted 
by (27a). By putting t = in (27a) we obtain an equation (27b) connecting 
the constant terms of (27a) which are independent of x, . . . .,w. When those 
constant terms are eliminated from (27a) by means of (27b), there results an 
equation of the form 

G (x, y, W, X, y, W) = 0, (29) 

in which, at r = 2 7t, there are no terms independent of the arguments indicated. 
The coefficient of the linear term in w{2n) is 4Z^(1 +^) /(»!'— as), and it is 
different from zero. Hence, by the theory of implicit functions, equation (29) 
can be solved uniquely for w{2 7i) as a power series of the form 

w{2n) =Q\x{2n), y{2n), x{2'n), y{2n), iv {2n)\, (30) 

in which there is no constant term. Now if the conditions in (26), except the 
condition «? (2 7t) — w (0) = €, are imposed, then 

x{2Tt) = y{27i) = x{27t) = y{27t) = W {2 7t) = 0, (31) 

and it follows from (30) and (31) that w{2n) =0. Therefore, the condition 
w{2 7t) — w(0) =0 is a consequence of the other five conditions in (26) and 
may be suppressed. 

When the necessary conditions of (26) are imposed upon the solutions 
(25), the equations which a^ (i = 1, . . . . , 5) must satisfy are found to be 
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= -^[e2"^=i'^+ e-2«v-i,r_2] _ ^ [e2«v3ir _e-2avri^-| _f_ terms in e, 
= _'^[e2«v~iT_e-2«v::ir] +^ [e2«^^'^ + e-2«v— i,r_2] + terms in e, 



(32) 



=^[e2av-i,r_|_g-2av-ir_2] _ -^ [e2a v-i,r _ g -2av-i^-] _[_ terms ing, 
:= — ^ [e2aV^,r_g-2oV=T^j + «*_ [g2ov— i,r + g - 2aV=i ,r_ 2] + terms In 6, 
= 2 — ^_^ ^ _L terms m e. 

z(0) 

The determinant of the linear terms in a^ (* = 1, . . . ., 5) is 

2 7t^ ^ ^J^^ (g2aV-l. _ 1)2 (g-2aV3I. _ 1)2^ (33) 

and it is different from zero if a is not a real integer or zero. First, let us 
suppose that a is not an integer. Then the determinant (33) is not zero and 
the equations (32) can be solved uniquely for a^ as power series in e. These 
series vanish with e and converge for |g| sufficiently small. Hence, periodic 
solutions of (16) exist uniquely and have the form 

CO OD 00 

x= 'S, Xi6% t/= S Pie\ w= 2 Wi6\ (34) 

i=l i=l i=l 

where each x^, y^, Wi is separately periodic for [ e \ sufficiently small. 

Now let us suppose that a is an integer or zero. Then the determinant 
(33) is zero, and in order to prove the existence of periodic solutions of (16) 
we require the explicit form of the quadratic terms of the first two equations 
of (25). Let us denote the linear and quadratic terms of these two equations 
Tt>y % , ^1 and ajg , 2/2 respectively. Then the values of x^^ and 2/1 , subject to the 
initial conditions (24), are 






(35) 



The differential equations from which Xz and 2/2 ^.re obtainea, are the same 
as (17) except that the right members are not zero. If the right members are 
denoted by X^^^ and Y ^^^ respectively, then 
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r(2) — 2/1 «*^i-Ro + e ^1-^2 + syiR5 + sw^Bq + s^R^, 

where R^ is a power series in fi with constant coefficients, and i?^ (« = 1, . . . . , 7) 
are power series in fi in which the coefficients are sums of cosines of even 
multiples of t. The complementary functions of the differential equations 
defining x^, y^ are the same as (18) ; that is, 



x^ = af> e«^-i-^i + af) g_av-ir^. 



2/2 = af>e«^-i' 



^i + a. 



(2) 






(36) 



where af^ (* = 1, . . . ., 4) are the arbitrary constants. Now regarding these 
constants as variables, according to the method of the variation of parameters, 
we have 



a 






(37) 



where A is the determinant of the fundamental set of solutions (18), and is 
therefore different from zero. Since X(^>, y<^^^ contain terms in e+^^'-i'- 
multiplied by power series in ^ in which t^ie coefficients are sums of cosines 
of even multiples of r, the integration of the equations (37) will yield non- 
periodic terms. We shall be concerned with the explicit form of only the non- 
periodic terms arising from (37). When the values of ap (i=.\, . . . ., 4) are 
obtained from (37) and substitued in (36), we have 



x. 



2/2 



(38) 



+ eas [non-periodic terms] + periodic terms, 

-+-r(ep(^^ + a,p(^))[(^-^)e«v:=--^,-(j-|-^)e-«v=T.£,J 
+ e% [non-periodic terms] + periodic terms, 

where ^^*^ (i = 1, ....,4) are power series in ^ with constant coefficients. 
Hence, the solutions of (16) as power series in e and a^ (i = 1, . . . ., 5) are 
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X = 
w = 



a?! + «2 + , 

2/1 + 2/2 + , 

«5 



;k(0) 



[% + ^t4>] +eP3 («!, , %, £; -J"), 



(39) 



where %, 2/1; ^2,2/2; and Pg are defined in (35), (38) and (25) respectively. 

Now let us impose upon (39) the necessary periodicity conditions of (26), 
Since x^ , y^ are periodic when a is an integer, we obtain 







47ta2 



(£p(i> H-asP^^^ 



4 7t a^ 



gp(.^) _[_ eag/-(i) 



+ e [quadratic and higher degree terms in e, %, 

= — TtAai (fp<i) + a52'^^0 — 7tAa3.f2?<^) + sa^r^^^ 

+ e [quadratic and higher degree terms in e, % , 

4 7[;a4 



(62?<*) + a5^<2)) H-eag*"^'^ 



Q^_4^ (3)_ 

A ^ A 

+ e [quadratic and higher degree terms in e, a^ , 

+ e [quadratic and higher degree terms in s, % , 






= y^ '- + 6 [terms m e, a, , 

;c(0) 



, «5] , 



(40) 



where r(*> (» = 1, . . . ., 4) denote power series in (i with constant coefficients. 
The coefficient of a^ in the last equation of (40) is different from zero and 
therefore this equation can be solved uniquely for % as a power series in e and 
a,- (y = 1, . . . . , 4) of the form 

% = ep (%, , tti, s). (41) 

When (41) is substituted for % in the first four equations of (40), the factor s 
can be divided out and we obtain four equations in s and a^ (j = 1, . . . ., 4) 



of the form 








= 


47tg(i)a2 
A 


4:7tp^^^a4 , ri 1 

^ ^ + «<3i(e, «i, . 


. . . , a^) , 


= 


— TiAg^^^ai- 


— 7tA^<^>a3 + 6Q2 (e, %, 


. . . ., a^), 


= 


4 7t^(^)a2 


A +^^3 (e, %, • 


• •, «*), 


A 


= 


— nAp^^^a^- 


-7tAg:<2>a3 + 6^4(£, «!, 


• • . , a*) , 



(42) 



where g*^^'), q}-^^ are power series in ^l with constant coefficients, and Q^ (i — 1, 



,4) are power series in e and ai{i^l, 
12 



.,4) in which the coefficients 
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are power series in /«. The determinant of the coefiScients of the linear terms 
in a^ in (42) is 

16 7t*SgWg(2)— (p(-^))^S^. (43) 

This determinant is not zero, in general, but it may be possible to choose such 
values of the constants c-^, Cg and /^yj, (see equation (2)) that (43) shall vanish. 
We shall exclude such special values of these constants, if any exist, and there- 
fore (43)' is not zero. Hence, (42) can be solved uniquely for a,- (;/ = 1, . . . . , 4) 
as power series in g, vanishing with e. When these series for a^ are substituted 
in (41), ag is likewise a power series in s, vanishing with e. Consequently, 
when a is an integer or zero, periodic solutions of (16) exist uniquely and are 
power series in s of the form 

x—i iK« e\ ^ = i !/<*> e\ w=i w^^ 6\ (44) 

t=l i=l i=l 

where each a;<*^, y^^\ w^^^ is separately periodic for |e| sufficiently small. 

Now the solutions (44) include the solutions (34) as the special case when 
a is zero ; and since both the solutions are unique, they are therefore identical. 
Consequently, in making the practical construction of the periodic solutions of 
(16), it is not necessary to make a special consideration of the case when a is 
a real integer. 

If the period were chosen to be 2 ■y 7t, v an integer, then the proof of the 
existence of periodic solutions of (16) with the period 2vn would be identical 
with the preceding proof except that, in the preceding, 2 n would be replaced 
by 2v7t. Then periodic solutions exist having the same form as (34). Since 
these solutions are unique for every v, and since the orbits having the period 
21^71 include those having the period 27t, there are no orbits with the period 
2v7t which do not have the period 2 7t also. 

If a is ,a rational fraction N/n, where N and n are real integers relatively 
prime, the question might be raised whether orbits exist which have the period 
2nn in tt, and not the period 2n. From the preceding paragraph we conclude 
that such orbits do not exist. 

§ 6. Direct Construction of the Periodic Solutions. 

Let us substitute (34) in (16) and equate the coefficients of the same 
powers of s. Since the results are identities in s, there is obtained a series of 
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differential equations from which the coefficients in (34) can be determined. 
The constants of integration arising at each step are to be determined so that 
the solutions shall be periodic and satisfy the initial condition w = 0, from 
which it follows that 



u',.(0) ==0, (i = l, ....,0)). 
The differential equations for the terms in e are 

«^i + [&' + ^fV + e^'^fi' +....] w^ = R^'\ J 



(45) 



(46) 



where the i2P(* = 1> 2, 3) are power series in (i with sums of cosines of even 
multiples of r in the coefficients. The complementary functions of (46) are 
the same as (18) and (23) ; that is, 






(47) 



where the aP^(« = 1, . . . ., 6) are the constants of integration, 
method of the variation of parameters, we have 



On using the 



A 4'^ = 



-aV^- 



) — aV— !■ 






1 > 



D a^^> = -[x + At^] Ri'\ D 4'^ = 4, J?^^), 



(48) 



where AandZ> are the determinants of fundamental sets of solutions (18) and 
(23) respectively and therefore are not zero. 

When equations (48) are integrated and the resulting values for «f^ are 
substituted in (47), we obtain the general solutions of (36) which are 



a;^ = Ai'^e''^-^^^i + A^'^e- 



OV-IT 



^. + CP{t), 



w^ = AP^-^ Ai'^ [Z-i-Ar.^]-p^r^-{- C^^> (t) , J 



(49) 



where ^P (i = 1, . . . . , 6) are the constants of integration ; C^^^ (t) (* = 1, 2, 3 ) 
are power series in fi with sums of cosines of even multiples of r in the coeffi- 
cients ; and pi is a power series in fi with constant coefficients. 
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Since we have shown that the periodic solutions of (16) have the same 
form whether a is an integer or not, the constants Aj^''{i = 1, . . . ., 4) must be 
zero in order that the first two equations of (49) shall be periodic when a is 
not an integer. If these constants are not put equal to zero at this step, 
a consideration of the terms in e^ will show that they must be zero in order 
that X2 and 2/2 shall be periodic. 

In order that the last equation of (49) shall be periodic, the constant Ai^^ 
must have the value 



A 



1 



where q^ is a power series in n with constant coefficients. From the condition 

(45) it follows that A^^'> = 0. When these values of ^^^^(^ = 1, ,6) are 

substituted in (49), the solutions of (46) become 

X, = CP>('r), 2/1 = CPCr), wr = -q^x + Gi'\r) = \c ^{r) , (50) 

where C^ {r) has the same form as CP{i = 1, 2, 3). 

It is easy to show that all the succeeding steps of the integration are 
entirely similar. The differential equations for the coefificients of g" are 



'<^n+ [a^ + 0?V + ^2^V' + 









(51) 



where -B,^"^ (i = 1,2,3) are similar in form to Bf-'^ (* = 1, 2, 3 ) . Then on forming 
the equations analogous to (47) and (48), we obtain the general solutions of 
(51), viz., 



iP„ = ^i»>e«^-i^^i + ^ 



(») 



-OV-IT 



^^ + ^^Gi^\t), 



^ 



„ = At'^-\- At^ Iz -i-Ar^] -A-^p^r^ + ^ c^^M"^), 



W. 



(52) 



where yii"^(i = 1, . . . ., 6) are the constants of integration; C,^"^('r') (i = 1, 2, 3) 
are periodic functions similar in form to C^^^{i := 1, 2,3) ; and p„ is a power 
series in (i with constant coefficients. In order that the solutions (52) shall 
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satisfy the periodicity and the initial conditions, the constants of integration 
must have the values 

A (») — A /, — -J F; \ A(n) — ^ P«^ — — « 
^i — "V* -•-»•••• J "J J > -^^6 „_i ^ m" ^"' 

where q„ is a power series in n with constant coefficients. Hence, the desired 
solutions of (51) are 



fl" 



(53) 



where G„ (t) is similar in form to Cj (r) . Thus the general step of the inte- 
gration is entirely similar to the first step. 

When we are dealing with Cases II and III of the solutions of the first two 
equations of (17), the method of proving the existence and of making the con- 
struction of the periodic solutions of (16) is similar to the preceding. In the 
other two cases, as in Case I, the solutions of (16) are power series in e. In 
Case II the coefficients of the various powers of s are power series in (i similar 
to those obtained in (53), but they contain additional terms in cos 2 (aj -\-k)t, 
j and h integers. In Case III the coefficients of the various powers of e are 
power series in V/t* with coefficients similar to those in (53). 

§ 7. The Character of the Surface. 

The equation of the surface is general except that | e j must be taken small 
in order to insure the convergence of certain series appearing in the preceding. 
Suppose the periodic orbits are desired on a given surface 5'. Because | £ | is 
small, it may not be possible to choose such values of e and f^^ in (2) that (1) 
shall represent S. Let us suppose that certain values of f^. are taken in (1) 
and that i is the largest value |e| may take, and let us denote the resulting 
equation of the surface by Sx • Then by the preceding method we can deter- 
mine periodic orbits on the surface 

S^^Sx + 2eJ,(x,y,z) =0, 

where e^ is a new parameter and f-y{x,y,z) has the same form as f{x,y,z). 
By repeating the same process over and over again, we can determine periodic 
orbits on a sequence of surfaces 



94 Buchanan : Periodic Orbits on a Smooth Surface. 

S,+,^S^ + 2e,h{oo,y,z) = 0, {k = l,2,3, ....), 

where f]c{x,y,z) has the same form as (2) and sj, is a parameter, provided, 
of course, that the solutions obtained do not pass through any singularities. 
Thus, in general, the given surface S can be approached by the sequence of 
surfaces ^^+1, and the periodic orbits described on it can be obtained as power 
series in (x, e, Si, . . . ., e^, 

Queen's University, Kingston, Canada, September 23, 1913. 



